We study wave propagation in two-dimensional granular crystals under the Hertzian contact law consisting of hexagonal packings of spheres under various basin geometries including hexagonal, triangular, and circular basins which can be tiled with hexagons. We find that the basin geometry will influence wave reflection at the boundaries, as expected, and also may result in bottlenecks forming. While exterior strikers the size of a single sphere have been considered in the literature, it is also possible to consider strikers which impact multiple spheres along a boundary, or to have multiple sides being struck simultaneously. It is also possible to consider obstructions or even strikers in the interior of the hexagonally packed granular crystal, as previously considered in the case of square packings, resulting in the basin geometry no longer forming a convex set. We consider various configurations of either boundary or interior strikers. We shall also consider the case where a granular crystal is composed of two separate crystals of differing material, with a single interface between the two distinct materials. Depending on the relative material properties of each type of sphere, this can result in a trapping of most of the wave energy within one of the two regions. While repeated reflections from the boundaries will cause the systems we study to fall into disorder for large time, there are a number of interesting wave structures and patters that emerge as transients at intermediate timescales.
Introduction
Granular crystals consist of a closed packing of spherical particles having a periodic arrangement [1] . Extensive work has been done on one-dimensional granular chains or crystals, as the study of wave propagation in one-dimensional granular chains or crystals provides an experimentally realizable application of the motion of nonlinear coupled oscillators [2, 3, 4, 5] . It is shown that under weak precompression or in the absence of precompression, the interactions between spheres are highly nonlinear, and highly localized waves can be supported, while the interactions will be approximately linear under higher precompression [3] . Compression waves can propagate as solitons or sound waves depending on the interaction potential between the beads and the external compression of the chain. The type of interaction that leads to non-linear solitary waves is the repulsive Hertz-like contact force that depends on the contact geometry and bead material [6] . Patterns of waves propagating in granular crystals can be controlled by the initial compression of the system, and observation can prove useful in applications, as granular crystals can be used to design shock and energy absorbing layers, actuating devices, acoustic lenses, acoustic diodes, and sound scramblers [7] . Even though solitary waves are stable in uniform granular chains [2] , they can undergo drastic changes at interfaces between media with different properties [3, 8, 9, 10] .
Theoretical investigations into two-dimensional granular crystals have begun in earnest more recently, and the patterns of waves in two-dimensional geometries are not as well understood as their one-dimensional counterparts. Still, several works have looked into individual two-dimensional cases. These studies can roughly be partitioned according to the geometries they consider.
In order to induce wave motion, strikers (particles or whole boundaries which are impacted by a force and then propagate into the neighboring particles) are often used. Wave propagation due to the location of boundary strikers for two-dimensional configurations of square packings have been studied [11] , and it was shown that the characteristics of wave propagation are similar to that of the one-dimensional case, with very little energy is lost to the adjacent chains. In addition to boundary strikers, in two-dimensional media it is also possible to have meaningful interior strikers or boundaries, and these can yield more interesting spatial dynamics. The wave propagation when several smaller intruders inserted into a square packing of spheres using the standard Hertzian model was studied [12] . If there is a strike at the end of one of the rows with a sphere next to the intruder, it has been shown that the intruder can redirect a small fraction of the wave energy into other directions. The fraction of energy diverted is relatively small, but the method can be employed to design materials with desired wave diversion effect by placing intruders at specific positions. This method was later extended [13] by considering intruders at every gap between the two rows that will be hit. Different patterns of wave fronts emerged when changing the combination of materials for spheres and intruders, and the main cause of variability of the experimental system appears to be the differences of the radius of individual spheres [14] .
Sphere-intruder configurations with discontinuous lateral boundaries were imposed to give extra nonlinearity by [15] . Depending on the mass and stiffness ratios between the spheres and intruders, the system can be either in a propagation zone or an oscillatory zone. In the former case, solitary waves or travelling breathers will be supported as found in other studies. In the later case, passive wave arrest is observed. It was argued that such behaviour is a result of energy transfer between pulses of lower frequencies and higher frequencies, as well as the dynamics caused by the discontinuous boundaries. Configurations of square packings with intruders under strong precompression have also been studied [16] . Rather than considering an ODE at each sphere, [16] employ a finite element method such that each particle is regarded as a node. They find that under various configurations, there will be different band gaps where waves with such frequencies will be tuned after propagating through the lattice.
Aside from two-dimensional granular crystals composed of square lattice packings, there are a variety of other geometric configurations which have been studied. Wattis et al. [17] investigated wave propagation on a honeycomb lattice within the context of a model is based on Kirchoff's laws of electrical charge on each node. The dispersion relation is shown to have two branches, acoustic and optical, and they will meet at the Dirac point. Yang et al. [18] studied the wave propagation in a curved one-dimensional granular chain, resulting in a sort of quasi-two-dimensional problem with the force applied on each particle being the contact force with other particles and the boundaries. It was shown that the energy transmission is controlled by the curvature of the chains. A comparison was carried out between straight chains and curved chains, and it was observed that the solitary waves are sparser and carry less energy on curved chains. The work was later extended to include periodic arrangements of spherical and cylindrical particles in a curved elastic tube [19] .
Instead of considering the spheres to be purely elastic, [1] considered elastic-plastic spheres; the contact law was still Hertzian under small deformations, but the contact law was different under large deformations. In the study, one-dimensional granular chains, two-dimensional hexagonally packed particles, and 3D packings with layers of hexagonal arrangements were compared, and it was shown that the dependence of wave velocity on the material properties are similar in all three cases. It was also shown that the wave can be directed away from the initial direction with an alternating arrangement of particles made by two materials in the elastic-plastic regime, which cannot happen in the purely elastic regime. Yi et al. [20] studied wave propagation in a threedimensional hexagonally packed geometry experimentally. Defects were added to the lattice, and it was shown that the existence of such defects can change the distribution of force in the lattice. Defects in main force chains will change the magnitude and direction of the wave, while defects off the main force chain have little influence on the system.
Wave propagation in a two-dimensional granular crystal composed of hexagonally packed spheres under a Hertzian contact model was studied in [7] . Using the symmetry of the packing pattern, two striking angles were investigated, and it was shown that there is a exponential decay of the maximum velocity of particles along the direction of propagation in both cases. (Additional results on angled strikes were discussed in [21] .) The propagation of conical waves in a hexagonal packing was considered in [22] . Both a heuristic argument and an asymptotic analysis is employed to formulate the system for Dirac points, where Dirac points are defined as geometric point where the acoustic band and the optical band. Wallen and Boechler [23] extended the Hertzian model to consider the influence of rotations and transverse displacement between particles, and then examined the weakly nonlinear case to obtain a theoretical prediction which gives an accurate result in the non-resonant case, and qualitatively describes the patterns in the resonant regime and anti-resonant regime. Interestingly, hexagonal packings result in waves which interact with all spheres on a large enough timescale, compared to square packings for which waves are localized to certain rows or columns [7] . Therefore, wave structures can be more complicated in hexagonal packings, and there are still many things to study in this setting. Shear to longitudinal mode conversion via second harmonic generation was very recently studied for plane waves in a two-dimensional, adhesive, hexagonally close-packed microscale granular media [23] . Stress wave tuning in hexagonal lattices was further discussed at the nanoscale (rather than the more common macroscale) in [24] . Disorder in hexagonal lattices was shown to affect both wave transit time and peak force [25] . The interaction of certain solitary waves in hexagonally packed granular systems has been studied recently by [26] , with 1D approximations of the wave dynamics being obtained in appropriate regimes.
While [7] and others have demonstrated interesting behaviors of waves propagating within granular crystals composed of hexagonally packed spheres, there are still a number of interesting features to explore. In this paper, we will study wave propagation in two-dimensional granular crystals consisting of hexagonal packings of spheres under various basin geometries. While the hexagonal packing dictates the local dynamics along the granular crystal, assemblies of hexagonal packings can be tiled to produce other shapes, such as triangles and approximations to circles. We find that the basin geometry will influence wave reflection at the boundaries, as expected, and also may result in bottlenecks forming. While exterior strikers the size of a single sphere were considered in [7] for the hexagonal packing, it is also possible to consider strikers which impact many spheres along a boundary or even multiple sides being struck at once. As [12] considered in the case of spherical packings, it is also possible to consider obstructions or even strikers in the interior of the hexagonally packed granular crystal, resulting in the basin geometry no longer forming a convex set. Therefore, various configurations of either boundary or interior strikers will be studied in this work. We shall also consider the case where a granular crystal is composed of two separate crystals of differing material, with a single interface between the two distinct materials. Depending on the relative material properties of each type of sphere, this can result in a trapping of most of the wave energy within one of the two regions.
As discussed in [7] , the Hertzian model is highly nonlinear, and this is only compounded by the contact geometry of the hexagonal packing. In addition to numerical simulations of the model, some analytical results were found in the heterogeneous crystal case studied by [7] in certain special limits and under some assumptions (for instance, under a ternary collision approximation). However, for the heterogeneous situations we are more interested in for the present paper, such simplifying assumptions will fail to capture the interesting dynamics. Therefore, we shall resort to full numerical simulations of the Hertzian contact model under hexagonal packing in order to draw conclusions about the dynamics. While not as robust as analytical results, we have sampled a wide assortment of configurations, and feel that many of our findings from numerical experiments are sufficiently robust so as to suggest the emergence of interesting dynamics and patterning. The remainder of the paper is organized as follows. In Section 2 we will discuss the Hertzian contact model and the numerical solution method employed in our work. In Section 3, we study wave propagation in various configurations when one or more spheres are struck at a boundary, while in Section 4 we consider the corresponding results for interior strikers. In Section 5, we shall study the effects of interfaces between two distinct media on wave propagation due to a boundary striker. We then discuss the results in Section 6.
Two-dimensional Hertzian contact model for hexagonal sphere packing
In order to model wave propagation within hexagonal packings of spheres, we shall employ the Hertzian contact model, which is also the focus of much of current work in this field. For a spherical particle i surrounded by a set of spherical particles, denoted by S i , the contact law in two-dimensional planar geometry can be described as [11] 
where l ij is a vector from the center of particle i to particle j defined as
M i is the mass of the particle, u i is the displacement of particle i, and e ij is a unit vector pointing from the initial position of the center of particle i to the initial position of the center of particle j.
The coefficient A ij is defined as
where R i is the radius of the particle, ν i is the Poisson ratio, and E stands for Young's modulus. The Heaviside step function (a) + will return a if a > 0, and return 0 otherwise, which corresponds to the fact that there will be no elastic force between particles if there is no compression between them. This law is valid in the elastic regime of particles [1] , and will need to be altered to account for large deformations. In this study, we control the initial velocity of the striker so that the displacements of particles in the configuration are sufficiently small to allow the Hertzian law to remain valid. We therefore assume that all the interactions will follow the Hertzian contact law throughout the process. In order to impose physically relevant boundary conditions, we shall also consider the contact between particles and a wall which contains all of the particles within a basin or domain. For a sphere i in contact with a set of walls W i , the contact mechanics are described by [27] 
where d il is the distance from the center of the particle i to the wall l, e i is a unit vector pointing from the wall to the particle, and
These equations will be the governing equations in this study. The movement of the spheres within the basin due to a strike at the initial time can then be fully described given initial conditions. We now specialize the general two-dimensional equations to the case of hexagonal packings of spheres, where each interior sphere in the packing will be surrounded by six spheres and the centers of those spheres will form a hexagon. Writing
where
For the initial condition, it is usually supposed that the system is at rest in the beginning. There would either be a precompression among the spheres or the spheres are packed so that they will be in contact with each other but no compression is applied. At time t = 0, a striker will impact the system. In most works, the strikers will hit a particle at the boundary of a basin. Then the striker will be deflected away and will not come back to the system. A wave generated by the strike will propagate within the basin. Sen et al. [3] claim that without precompression, the Table 1 : Properties of materials we use in our simulations, as reported in [11] .
interactions between particles will be highly nonlinear, and solitary trains will emerge. The setting of the model will allow us to consider spheres of different materials and the interaction between different types of particles. It is possible to consider interfaces within the geometries, appropriately modifying the parameters in the model given above. The interface will have spheres of different physical properties on each of the two sides. The radius of spheres and material properties used in the simulations will follow [11] . The radius of the spheres is set to 9.025 mm, and the properties of materials used in this paper are listed in Table 1 . Unless specified otherwise, the simulations will be conducted assuming all the particles and walls are made of Stainless steel (type 316). The results of the system will be simulated with a standard fourth order Runge-Kutta scheme using MATLAB, which shall allow adaptive control of the integration timestep so that the relative error is to within 10 −5 .
The results are presented in several ways. An important representation of the wave evolution in this paper is by giving colored graphs similar to [7] . The graphs will have colors at each disc which indicate the norms of velocities of the spheres at corresponding positions at a particular time, hence in such cases we shall plot u (m,n) for all (m, n) in the relevant basin geometry. Other quantities of interest will include the velocity magnitude (|u (m,n) |) and acceleration relative to the direction of the strike (ü (m,n) · η where η is the inward normal in the direction of the strike) for individual beads (m, n) within a given basin geometry. We also consider the wave front speed, which is measured from the time taken for the maximal amplitude of the compression wave to travel from the boundary to the tenth row within the geometry. We consider the evolution of the total kinetic energy for the system, where the total kinetic energy is defined by
where D represents the basin geometry, and (m, n) ∈ D only if there is a sphere at location (m, n) within a fixed geometry D. A large number of the beads will be activated almost simultaneously after the strike, though many of the beads will only have displacements below machine precision.
Wave propagation due to boundary strikers
We first consider wave propagation in a hexagonally packed granular crystal due to boundary strikers. We only consider the highly nonlinear case, where no precompression is applied to the geometry. The hexagonal packing allows the waves to scatter, so that the waves are expected to go through all the beads in the packing, in contrast to square packings (as discussed in Section 1). From the results in [7] , the system will be expected to go into disorder eventually as a result of collisions of multiple reflected waves, but there are a variety of interesting transient dynamics observed. In addition to the hexagonal packing, there is another geometric consideration: the shape of the basin or domain within which the spheres are held. While it certainly makes sense to consider hexagon-shaped basins, note that triangular and near-circular basins are also a possibility. We shall therefore perform numerical experiments for each case, under a variety of boundary striker configurations.
Hexagonal basin
We start with the configuration where the striker will hit the midpoint of one of the edges and the direction of the strike will be perpendicular to the edge. In this case, the geometry consists of stainless steel spheres and has 11 particles on each edge. This setting is identical to the setting of Leonard et al. [7] , which can help to verify the accuracy of our extensions to these results.
In Figs. 1 -4, summary results of a perpendicular strike on a hexagonal packing is presented. The wave front speed shown in Fig. 1 again shows a log-like increase in striker velocity, but the speed is slower compared to a perpendicular strike on a square packing (we omit the numerical simulations for that case). This is the result of lost energy in other directions. The kinetic energy over time is shown in Fig. 2 will drop to almost zero when the solitary wave has passed. There are other waves following the wave front, and many of the waves are solitary, which can be confirmed by the pulses of velocities after t = 0.5ms. In Fig. 5 , we can see that the solitary wave caused by the striker is propagating in three directions. The shape of the wave front looks similar to part of a hexagon. One of the wave fronts is traveling toward the lower boundary, and the other two are propagating toward the left and right boundaries. The latter two wave fronts will first hit the boundaries, and are reflected. After the reflection of the wave front originally heading downward, the three reflected wave fronts will approach the same location. For larger time, the system will fall into disorder. These results are in complete agreement with the behaviors observed in [7] .
We compare the results in Fig. 5 with a case where the domain is slightly compressed rather than impacted by a striker at the boundary. For square packing, it is possible to find an initial state where a uniform deformation is applied to the contacts between spheres, and work out a corresponding deformation between a boundary sphere and the wall, so that the granular crystal is of balance. However, if we use the same approach for hexagonal packings, the six spheres at the corners will be unbalanced, and results in waves propagating in the domain. In Fig. 6 we present results for where there is a deformation of 10 −4 of the radius between two interior spheres. We can see the waves propagating from each corner to the centre in a symmetric manner. We see that after 10ms, there are still waves travelling in the domain, and the maximum velocity is still similar to the maximum velocity in the beginning. The nature of the waves is different from the case where no precompression is applied, as no qualitative change takes place in the wave propagation. Now, if we apply a boundary striker after some time, we can see the propagation of waves due to the striker superimposed on the waves due to precompression; see The acceleration relative to the strike direction of individual spheres over time given a geometry consisting of a hexagonal packing with 11 spheres on each edge which is struck perpendicularly on one of the edges at time t = 0. The velocity of the striker is taken as 0.4m/s.
Figure 5: Velocity magnitudes at each sphere as a function of time for a hexagonal basin filled with a hexagonal packing of spheres. The packing has 11 spheres on each edge and is struck perpendicularly on one of the edge. The initial velocity of the striker is 0.4m/s. Here (a) t = 0.275ms, (b) t = 0.525ms, (c) t = 0.775ms, (d) t = 1.20ms, (e) t = 1.50ms, (f) t = 10.0ms. Panels (a) and (b) coincide with results from [7] . Note that (a)-(c) are before the main wave reflection, while (d)-(f) are after the main wave reflection. Figure 6 : Velocity magnitudes at each sphere as a function of time for a hexagonal basin filled with a hexagonal packing of spheres. The packing is compressed so that the deformation of an interior sphere will be 10 −4 of its radius. Even if the initial deformation set all the spheres in the interior and on the edges balanced, the spheres at the corners will be unbalanced and generate oscillating waves. Here (a) t = 0.275ms, (b) t = 0.600ms, (c) t = 1.00ms, (d) t = 1.20ms, (e) t = 4.00ms, (f) t = 10.0ms.
be at least the same order as waves caused by the striker under larger precompression, we do not look into the precompressed case further in this paper, as it will not be useful to study waves due to striker impact superimposed on waves due to precompression. Another configuration would be to place the striker at a corner. The striker will then hit a corner with a direction so that the angle between the direction of the striker and two edges will be the same. There are only two wave fronts in this case, and the shape will look like an arrow as shown in Fig. 8 . The wave is strongest along the boundaries. The reflected waves will collide and strike opposite to the direction of the initial strike. The wave will be concentrated near corners and also in a larger region close to the center which is gradually reflected back to the corner which was struck, after which the waves scatter and the dynamics become less regular in structure.
Instead of using a single striker to strike one sphere at the boundary, one may use multiple strikers to impact multiple spheres simultaneously. To this end, in Fig. 9 we consider the case where 11 strikers impact an entire edge at t = 0. We see that there are several waves behind the wave front (even though there is a single strike), in contrast to the case where the system is hit by one striker. The leading wave also propagates faster and carries more energy compared to the one-striker case. After a reflection, the wave train will interact at the middle of the basin, these localized interactions resulting in greater velocities near the center of the basin.
As discussed in [7, 21] , it is possible to strike boundary spheres at an angle, rather than per- The angle θ is measured by the angle between the striking direction and the normal direction of the top edge. The curve is somewhat jagged due to the discrete geometry. The method of calculating the wave front speed is the same as that used in Figure 1 .
pendicular to the boundary. Doing so, we break the symmetry of the configurations considered above, and the waves appear to scatter sooner. The velocity of the wave front can be modified by striking at an angle, and we show this for one configuration in Fig. 10 . When the impact is perpendicular or close to parallel, the wave front speed will be similar, while then the angle is in between these two extremes, the wave front speed will be somewhat faster. This is because the energy is focused more narrowly along part of the granular crystal, so the leading section of the wave front will propagate more quickly. We demonstrate this for two cases in Fig. 11 . Due to the asymmetry, the wave patterns more quickly fall into disorder. It is also possible to impose two strikers on different edges, instead of a single striker, and we give one example in Fig. 12 . For this configuration, the wave velocity is suppressed toward the middle, while the most distant sides of each wave propagate with a larger velocity. This is seemingly result of the instantaneous yet subtle compression caused by the strike before the arrival of wave fronts. A wave in the direction of the composition of the two waves will emerge shortly after, but will soon break.
Triangular basin
After considering hexagonal basins consisting of hexagonal packings of spheres, it is interesting to look into different basin geometries which are assembled using hexagonal packings. One such possible basin is triangular, with three (as opposed to six) boundaries. Again, no precompression will be applied initially.
In Fig. 13 , we consider the case where a striker hits one edge perpendicularly. The shape of the wave is similar to the corresponding case in hexagonal geometry. Two wave fronts on the sides reach the boundaries and are reflected first, while the middle wave front (in the direction of the strike) will have its side reach the boundary, which the center is focused and increases in velocity as it is focused toward the opposing corner. This manner of focusing was not observed in the hexagonal basin.
Next, consider the case where a striker hits the system from a corner or vertex of the triangle, as shown in Fig. 14 . As the angle between the two boundaries is smaller in this case than in the hexagon case, greater interactions will take place between the wave front and the boundaries. As the wave front approaches the opposite boundary, waves emerge around the initially struck vertex due to reflections. The primary wave front will then reflected back, finally forming a highly localized wave (roughly the size of a single sphere) near the center of the basin. The reflected wave will reach the top vertex at t = 1.75ms and remains highly localized, and contrast to the broadening of the waves observed in hexagonal basins.
It is also possible to plot the wave speeds resulting from varying striking angle, but the results will be qualitatively similar to those observed in Fig. 10 , and are omitted.
Such a triangular basin configuration as we consider here was recently considered in [28] . In that study, instead of striking the corner or vertex, the vertex of the triangular basin was placed into contact with a larger rectangular basin, and a wave initiated in the rectangular basin then impacted the single sphere at the vertex of the triangular basin. The results of [28] look very much like our results in the configuration where we strike the triangular basin directly, and the initial strike velocity can likely be normalized in such a way so that the results of [28] can be recovered directly from a strike without the need for the additional rectangular region. 
Circular basin
Another basin geometry that can be considered is an approximation to a circular disc. Such a configuration will not form a perfect disc, but with a larger number of spheres, the boundaries will be smoother and the the shape will eventually look more like a disc. The positioning of the boundaries are defined as follows. A tilt boundary will be prescribed at the end of rows whose number of spheres is only different by one to the adjacent rows and the number of spheres is either monotonically increasing or decreasing among those rows. A vertical boundary will be prescribed at the ends, except no boundary will be assigned at the end of rows whose number of particles is smaller than the both adjacent rows. A horizontal boundary will be set for spheres which have only adjacent spheres either above or below them. For demonstration, we use the configuration with a maximum of 43 spheres in a row. Though the sphere packing remains hexagonal, the complex settings of the boundaries shall influence the characteristics of the waves. As shown in Fig. 15 , due to the reflected waves from the boundaries, a bottle neck structure has emerged, which is not seen in the hexagonal or triangular basins. There are also several layers of waves caused by reflection behind the leading wave front, which result from nonlinear boundaries around the striking position. After the wave front is reflected by the lower segments of the boundary, the wave front meets with the reflected waves, and a highly localized wave structure is formed and propagates upward in the location of the initial strike. The wave will eventually break and the system will transition into disorder.
The localized wave structure is more broad than that observed in the triangular basin, and has the appearance of a peak with small bands extending from the center, creating an X shape with the maximal velocity at the center of the X. This is somewhat akin to what is seen in certain solutions to shallow water equations, such as KPII [29, 30] , and these X patterns can be formed from the superposition of "line-solitons" [31, 32, 33] . In the case of hexagonal basins, a strike at a corner (such as in Fig. 8 ) can also generate a reflected wave with large amplitude, however such waves are far less localized. That said, those waves do still exhibit something of a skewed X-shaped pattern. 
Wave propagation due to interior strikers
Instead of striking the system from the exterior at boundaries, we can consider a configuration where we strike the domain from within the interior of a basin. Interior intruders have previously been considered in granular media composed of square packings of spheres [12, 13] , where they have modified the propagation of a wave initially created due to a boundary striker. Here we consider the case where an interior sphere is replaced with six walls such that the contact directions between other spheres and the walls are the same as those spheres with the removed sphere. This results in a non-convex basin. We also assume that each of these six new walls has the same weight as the removed sphere. That is, the interior striker can be viewed as six individual strikers, each acting on the adjacent sphere. At t = 0, the walls will move towards other spheres and this motion results in an interior strike. When the walls bounce back to the initial positions, they will be fixed at those positions. Consider first a hexagonal basin with the center sphere removed and replaced with a striker assembly, as described above. At small times after impact, a hexagonal wave is formed, as shown in Fig. 16 . The hexagonal wave hits the boundary at around t = 1ms and is reflected back in the shape of a hexagon. After reflection at the exterior boundary, the hexagonal wave will propagate back and forth between the inner and outer boundary, maintaining a symmetric pattern. For large enough time, the localized hexagonal wave front is lost, although the global wave pattern still exhibits strong symmetry, with new patterns emerging.
Next we consider a hexagonal basin with a sphere removed and replaced with a striker in a way that is asymmetric relative to the symmetry of the basin, as shown in Fig. 17 . For small time, a hexagonal wave is generated, however after the first two wave fronts hit the nearest boundaries, some reflected waves will interfere with other wave fronts. The energy will start to concentrate at a small region and start to travel to the boundaries. At later times, the wave generated by the first reflection eventually passes the interior walls, and propagates toward the right-lower corner. This case naturally exhibits far less structure as time grows relative to the initially symmetric case shown in Fig. 16 . The same idea can be applied to triangular basins. In Fig. 18 , an interior striker is placed at the center of the triangular basin. A hexagonal wave is again generated for small time. The three wave fronts in the upper half of the geometry will hit boundaries first and are reflected back. After collisions, the reflected waves from the upper half of the basin propagate into the lower half of the basin. The waves will eventually interact with the waves returning from the bottom, and there will be nodes of higher velocity present near boundaries due to these interactions.
The geometry and exterior boundaries of the circular basins will be the same as discussed in Section 3, only now we remove one interior sphere and replace it with a six striker assembly. In Fig. 19 , the results from a striker placed at the center of the circular basin are shown. Unlike in the previous basins considered, two leading wave fronts, moving toward the top and bottom of the domain, have appeared. These leading wave fronts are followed by a circular wave of lower velocity. The shape of the leading waves are similar to the bottle neck structure seen in Fig. 15 , while the circular wave behind the wave front evolves into a diamond shape. At later times, wave reflection from boundaries results in a loss of order, although highly localized structures of velocity much higher than surrounding locations are observed. In Fig. 20 we give similar results for an asymmetric placement of an internal striker assembly. For small time the wave patterns are nearly identical, yet due to the asymmetry the larger time dynamics become more disordered. There are still small localized regions of higher velocity, although these are no longer symmetrically placed within the basin.
Of course, we could remove more than one sphere from the center of a basin, to obtain more complicated structures. However, the general principle would be the same. In symmetric cases, the waves would bounce between the exterior and interior boundaries, while for asymmetric cases there will be more rapid transition to disorder. Table 1 for properties of each material.
(a) (b) (c) Figure 22 : Velocity magnitudes at each sphere as a function of time for a hexagonal basin filled with hexagonal packings of spheres comprised of two distinct materials as in Fig 21(a) . The packing has 11 spheres on each edge and is struck perpendicularly on one of the edge. The initial velocity of the striker is 0.4m/s. Here (a) t = 0.525ms, (b) t = 1.525ms, (c) t = 2.75ms. Note that (a)-(b) are before the main wave reflection, while (c) is after the main wave reflection.
Wave propagation across interfaces between two distinct granular crystals
Thus far we have focused on homogeneous granular crystals. However, it is possible to consider heterogeneous structures composed of joining granular crystals composed of distinct materials. Of course, it is also possible to consider other configurations, but we shall restrict our attention to the case where to distinct homogeneous regions are joined together. The topic has been investigated in one dimensional granular crystals, and was previously shown that granular crystals with interfaces between spheres of different materials can be used to change the direction of waves under strong precompression [1] . The partial transmission and reflection of the incoming wave have been observed for a solitary wave propagating across an interface from a medium with light grains to one with heavier grains [8, 9, 3] . Similar effects to those at interfaces between granular crystals with different bead masses have been observed for mass impurities. Such impurities are created by changing the mass of a single bead in an otherwise monodisperse granular crystal [34, 3, 35] . For a wave traveling in the opposite direction, the incoming wave is fully transmitted and disintegrates forming a multipulse structure [36, 9] . A second multipulse structure is formed with a delay to the first one. This delay is due to a gap opening and closing between beads at the interface. When the solitary wave moves from a lighter to a denser medium, most of its energy gets divided into a reflected and a transmitted pulse, whose respective amplitudes can be estimated by using the conservation of linear momentum and energy [2] . By contrast, when the incident solitary wave moves from a denser to a lighter medium, a train of (multiple) solitary waves is generated in the lighter medium [2] .
Few works have considered such configurations in two spatial dimensions. However, [37] have considered two-dimensional rectangular basins with hexagonal packings of spheres where an interface is created between regions of spheres of different masses. By treating the solitary wave as a quasiparticle with an effective mass, they construct a model based on energy and linear momentum conservation to predict the amplitudes of the transmitted solitary waves generated when an incident solitary-wave front, parallel to the interface, moves from a denser to a lighter granular hexagonal lattice. They extend this model to oblique interfaces, where the angle of refraction and reflection of a solitary wave follows (below a critical value), an analogue of Snell's law in which the solitary-wave speed replaces the speed of sound.
We consider examples where one sub-basin is composed of spheres made of stainless steel and one sub-basin composed of spheres made of polycarbonate (see Table 1 for properties of each). Diagrams of the basins considered are shown in Fig. 21 . Fig. 22 demonstrates wave propagation in a configuration where the upper half of the basin consists of stainless steel spheres, while the lower half is formed of polycarbonate spheres. A strike at t = 0 produces a wave which propagates perpendicularly toward the interface of the two materials. For small time, the wave looks similar to that shown in Fig. 5 . However, after crossing the interface, multiple layers of waves travelling after the leading wave front, likely caused by reflection at the interface. We see that after a long time, the spheres with higher velocities are mainly polycarbonate. The reason behind this is that the polycarbonate spheres are much lighter than the stainless steel ones, and with a roughly equipartition of energy, the spheres made of polycarbonate will have higher velocities after impact. In Fig. 23 , the arrangement of beads is no longer symmetric in the horizontal direction. As time increases, the interface has slowed the wave propagation and a reflected wave is observed. For similar reasoning to the previous numerical experiment, the spheres in the polycarbonate region will have a higher velocity after a sufficiently long time. In Fig. 24 , the interface between the two materials is at an angle to the incident wave front. Multiple reflected waves are again observed at the interface. A wave that concentrates at the bottom of the geometry is captured within the polycarbonate region, which can be a result of the collision between the slowed wave front within the polycarbonate region and reflected waves entering from the stainless steel region.
These results demonstrate that interfaces between different material can create reflected waves, as previously seen in the one-dimensional case and in the rectangular basin results of [37] . Furthermore, higher velocity waves may become "trapped" in one of the materials, depending upon the relative properties of each material and the basin geometry, with this phenomenon being observed for different geometric configurations. This was seemingly not observed in [37] , as that study considered large lattices in order to study the local behavior near the interface, rather than the global behavior of smaller granular crystals, for which boundary location and reflected waves will place a stronger role in the dynamics at small timescales.
Discussion
We have considered wave propagation in two-dimensional granular crystals composed of hexagonally packed spheres. Different configurations of basin geometries, including hexagonal, triangular, and circular regions, have been considered. Various configurations of external boundary strikers are considered, as are interior strikers. We also consider granular media composed of two granular crystals of distinct media joined together, in order to study wave propagation across the internal interface of such media. The results are presented through plots of numerical simulations are fixed time steps.
The results for boundary strikes on a hexagonal basin were examined first. A semi-hexagonalshaped solitary wave will emerge upon strike (as previously observed in [7] ), while there will be significant waves behind the wave front as a result of the complex interaction between spheres and reflections from the boundaries. The waves will collide with each other and the system will eventually fall into disorder. For the case of two strikers on different edges, the wave front which is the closest to the other striker will carry less energy as a result of suppression from waves generated by that striker.
In the case where the system is struck on a corner, the structure of the wave will be in the shape of an arrow. Reflected waves from different edges will meet each other and form a wave that concentrates in a small region. Changing the direction of the striker will still generate a hexagonalshaped wave front initially, although the symmetry in velocity is destroyed. The direction of strikes will not change the wave speed significantly.
For a triangular basin, a hexagonal-shaped wave will also be generated when the basin is struck on an edge, while the wave front will look like a line when the basin is struck at a corner. In this basin geometry, the angle the striker makes with the edge can be shown to have some influence over the wave speed, although the wave pattern remains similar.
For a strike at the boundary of a circular basin, the complex structure of the boundaries (due to the discrete approximation of a circle) will result in a significant change to the wave propagation compared with what is seen in the hexagonal or triangular basins. A bottle-neck structure is generated after a boundary strike, and multiple waves are generated at the region near a strike. These waves will be reflected to the center, and the energy will be concentrated there after some time.
We next considered cases where a striker is placed in the interior of a basin. Hexagonal-shaped waves appear in hexagonal and triangular basins, while a similar bottle-neck structure to that mentioned above will emerge when the circular packing contains an interior striker. The shapes of waves observed when an interior striker is used at the center of a basin will look like a mirror reflection of the wave structures obtained in the boundary striker case. However, if the interior striker is placed away from the center of the basin, then the wave pattern will naturally exhibit a lack of symmetry, and the system will tend for fall into disorder more rapidly.
The influence of having a granular media composed of two distinct granular crystals, each homogeneous, was considered next. These structures will feature an interface between the two materials, which the wave generated by a striker must pass through. For this case we focused on the hexagonal basin, although similar results were observed for numerical simulations using other basins. A lighter material was used in one of the regions, and the waves are seen to be slowed and reflected when crossing the interface to enter this region. These results are in agreement with previous experiments and simulations using one-dimensional granular chains, and the behavior near an interface is in agreement with prior results of [37] for two-dimensional granular crystals. In addition to those results, we observed trapping of waves within specific regions, depending on their respective mass ratios. The wave trapping we observe was previously observed under a rather different two-dimensional geometric configuration which resulted in passive wave arrest [38] .
On a more theoretical note, the utility of one-dimensional granular chains for demonstrating interesting nonlinear wave structures has been discussed previously [39] , and our findings suggest that two-dimensional hexagonally packed granular crystals may similarly provide an additional application where interesting nonlinear wave structures can be found. We find that certain basin geometries and striker configurations result in the emergence of X and Y type patters as individual waves interact. These waves are akin to what one sees in two-dimensional generalizations of the KdV equation [40] , namely KP equations [29, 30] , and these X and Y type patterns can be formed from the superposition of "line-solitons" (see [31, 32, 33] for general constructions of such solutions). Such patterns have also been observed in the real world in shallow water at beaches [41] and hence are not only of mathematical interest. The present application to granular media demonstrates that such wave patterns as occurring in line-soliton interactions may be ubiquitous within a variety of two-dimensional phenomena, rather than particular to shallow water. Indeed, our application shows that such waves may be possible for atomized systems of relatively few particles.
To more properly compare our results to PDE solutions of shallow water wave models in order to best classify X or Y type waves, one should develop an appropriate continuum approximation to the model we consider. Such models already exist in the one-dimensional case (and in some limits, one can recover equations akin to the KdV equation), and can fairly easily be extended in a natural way to the two-dimensional case when spherical packings are used (as they dynamics are quasi-one-dimensional), however the development is more involved in the case of two-dimensional hexagonal packings. Nevertheless, this will be one area of future work. Compactons have been shown to exist in the one-dimensional granular chain [42, 43, 3, 44] , and exist in two-dimensional square packings, as well, as such configurations are essentially quasi-one-dimensional systems [11] . However, in our simulations (and those of [7] ) we observe a smoothing of wave fronts in the twodimensional hexagonal packed basins, due to the spreading of energy among all neighboring spheres. This suggests that more smooth solutions may be possible for the PDE analogue of the discrete two-dimensional model with hexagonally packed spheres. A more systematic study comparing a relevant PDE model for hexagonal packings to PDE models of shallow water equations, such as the KP equations, may cast light on wave structures and pattern formation observed at transient timescales, and would be one interesting topic of future work.
Future work could also involve considering nonuniform spheres in various basins. It may also be worthwhile to consider models where transversal motion of the constituent spheres are included; significant rotational effects were observed in a thin 1-2-1 hexagonally packed granular channel were considered in [45] . Another direction could be to consider various basin geometries placed on a curved base in 3D, resulting in a quasi-two-dimensional model on which a two-dimensional granular crystal sits on a curved surface. This would be the higher-dimensional analogue of the quasi-one-dimensional model of a curved granular chain studied in [18, 19] . One could also change the physics included in the model: For instance, recent results include the vibration of wetted hexagonally packed granular crystals, with the formation of liquid bridges modifying the dynamics [46] . Wave propagation in a hexagonal monolayer of spheres on a substrate has also recently been studied [47] .
In the case of a granular material constructed by joining two granular crystals composed of distinct materials, the interface dynamics we observe do not give results which are unexpected from the one-dimensional theory. There will be reflection at an interface between two materials, while the transmitted wave will undergo speed and amplitude changes in the new material. However, one could consider more complicated interfaces; instead of linear interfaces, one could create granular media in which interfaces are non-linear curves. As an example, a circular disc of one material might be enclosed within an annular disc of another material. Such configurations may prove useful in applications such as guided impact mitigation [1] .
Returning to possible application of waves in granular media, studies on actuating devices considered employing the highly nonlinear waves emergent from a 1D granular chain for Non Destructive Evaluation and Structural Health Monitoring (NDE/SHM) [48] . That paper considers the role which defects may play in modifying the effectiveness of the approach. In 2D hexagonal configurations of granular media, waves may propagate in part around certain defects, perhaps lending a degree of robustness to the approach.
There is a propensity for waves to scatter in finite 2D hexagonally packed media. This scattering may be practically useful in devices such as sound scramblers, which were previously studied in 1D chains [49, 36] , as the added 2D hexagonal geometry may be more useful in dispersing a wave in finite time, in some configurations. This will depend upon the overall geometry of the basin, of course, as undesirable designs may actually amplify the waves, as observed for triangular or circular basins in Figs. 14 and 15 , respectively. Choosing a basin which scatters waves in an asymmetric manner may lead to spatio-temporal irregularities in the wave patterns more rapidly than would more symmetric domains. Even in symmetric domains, however, the amplitude of the waves (as seen in our simulations) tends to decrease as the number of successive reflections increases, with energy being spread out in a more uniform manner over the domain for large time. In the case of granular media composed of multiple materials, such as those studied in Sec. 5, the scattering can be enhanced due to the interface between the two media. Perhaps a more interesting possibility would be of a three-layer media, with a middle region which traps most of the wave energy. The idea would be the same as that considered in Sec. 5, with the middle region playing the role of the purple region in Figure 21 , which was shown to often trap wave energy (see . Such a configuration could prove useful for acoustic insulation or impact mitigation.
On the other hand, certain geometric configurations of hexagonally packed particles can amplify waves spatially in ways which would not be possible in 1D or quasi-1D chains, hence one could extend results on the generation and control of sound bullets [50] (where 1D and 2D square packings were shown) using configurations such as those employed to produce the highly spatially localized waves shown in Figs. 14 and 15 . Similarly, such amplification or confinement of localized waves within hexagonal packings might also provide an alternative route toward the design of acoustic switches and rectification devices [51] which are able to exploit this localized structure.
